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1. INTRODUCTION 
LET TZ = [wz/Zz denote the two-dimensional torus and let rc : R2 --* T2 be the covering map. 
Suppose thatf: T2 + U2 is a diffeomorphism homotopic to the identity map. We shall write 
h(f) for the topological entropy off[13]. If one fixes a lift F: R2 + R2 ofJ one can define 
the rotation set p(F) c US’. This set describes the “drift” of orbits when lifted to the covering 
space R2. There are several definitions of the rotation set in the literature; the one we choose 
is probably the most general and is due to Misiurewicz and Ziemian [8]. Define p(F) to be 
the set of accumulation points of the set 
F”‘(Xi) - Xi 
:XiER2y fliEN f 
4 
It is well-known that p(F) is compact and convex [S]. Although this definition depends on 
the choice of a lift F off, it is clear that if F’ is another lift offthen p(F’) is a translation of 
p(F) by an integer vector. 
Given an f-invariant probability measure ~1 on T2, we also define the mean rotation 
vector p,(F) E R2. Define a function @ : U2 + R2 by Q(x) = F(f) - 2, where 2 is any lift of 
x to I%‘. Since any lift offcommutes with the group of integer translations on IX’, this is well 
defined (and continuous). We now define p,(F) = f 0 &. In [8] it is shown that {p,(F): p an 
f-invariant probability measure} = p(F). (All measures in this paper are assumed to be 
Borel.) 
Given x E U2, let 2 denote one of its lifts to IF!‘. We define the x-rotation set, p,(F), to be 
the set of accumulation points of 
{ 
F”(Z) - zznEN 
n 1. 
Clearly, this is independent of the choice of lift I and so p,(F) is well defined. If XEU' is 
a periodic point forf, i.e., if, for some q > O,fq(x) = x, then it is easy to see that p,(F) is, in 
fact, a single rational vector, (Fq(2) - 2)/q, which we call the rotation vector for x. It is 
natural to ask which rational vectors are represented by periodic points in this way. We 
have the following result of Franks. Suppose that int(p(F)) # 8, then for every 
p/q E int(p(F)) n CD2 (p E Z2, q E N) there exists a periodic point x offwith p,(F) = p/q ([S], 
TSupported by the UK Science and Engineering Research Council under grant number GR/G51930. 
351 
352 Richard Sharp 
cf. also [6]). As the main result of this note, we add to this by showing that p,(F) = p/q for 
infinitely many periodic points x and even that, if Per,(f) denotes the set of periodic points 
for f of period n, then 
lim sup i log # {x E Per,(f) : p,(F) = p/q} > 0. 
fl++CC 
A more precise statement is given in Theorem 1. 
The proof of this result fundamentally depends on Thurston’s classification theorem for 
surface homeomorphisms. The hypothesis that int(p(F)) # 8 and the result of Franks imply 
that we can find three periodic points with non-collinear rotation vectors in int(p(F)). If we 
remove the orbits of these points then, by a result of Llibre and MacKay [6], the Thurston 
canonical form of the resulting map is pseudo-Anosov. We then exploit the symbolic 
description of this map as a subshift of finite type and obtain Theorem 1 by applying the 
main result of [9]. In a final section, we take the opportunity to answer a question raised by 
Philip Boyland for homeomorphisms of an annulus and prove, as Theorem 2, a more 
general result valid for homeomorphisms of both annuli and tori. 
2. THLJRSTON’S CLASSIFICATION THEOREM 
The most important tool used in our analysis will be Thurston’s deep classification 
theorem for surface homeomorphisms. We begin with some definitions. Let f: M + M be 
a homeomorphism of a compact connected oriented surface M(possibly with boundary). 
We say thatfis of finite order if some iterate offis the identity map, i.e.J” = idMM, for some 
n > 0. We say that f is pseudo-Anosov if there exist a pair of f-invariant measurable 
foliations 4” and 9” equipped with transverse measures @ and $, respectively, and 
a number A > 1 such thatf,# = A-‘$ andf&” = 1~“. These two types of homeomorphism 
provide the building blocks for general surface homeomorphisms, as the next result shows. 
PROPOSITION 1 (Thurston’s classification theorem, Casson and Bleiler [3], Fathi et al. 
[4] and Thurston [12]). Let f: M + M be a homeomorphism of a compact connected 
orientable surface M, possibly with boundary, and with Euler characteristic x(M) < 0. Then 
f is isotopic to a homeomorphism g (called the Thurston canonicalform off) such that precisely 
one of the following holds: 
(9 
(ii) 
(iii) 
g is of finite order, 
g is pseudo-Anosov, 
g is reducible: g leaves invariant a jinite family of simple closed curves { C1, . . . , C,} 
such that no pair of curves are homotopic and no curve is homotopic to a point or to 
a boundary component of M. Each Ci has an open annular neighbourhood Ui (which are 
pairwise disjoint) such that g leaves U = v Ui invariant. For each component Sj of 
M - U there is some (least) nj > 0 such that g”‘(Sj) = Sj and g”jISj is either of$nite 
order or pseudo-Anosov. Each Ui is left invariant by some power of g and the induced 
mapping on Ui is generalized twist. 
One important property of pseudo-Anosov maps is that they minimize 
entropy within their isotopy class. 
PROPOSITION 2 (Fathi et al. [4] and Thurston [12]). If f is isotopic to g and g is 
topological 
pseudo-Anosov then h(f) 2 h(g) > 0. 
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Another important property is that the periodic points of a pseudo-Anosov map 
g persist under isotopy in the following precise sense. Let 3 denote the universal cover of 
M and let g : M + A? be a lift of g : A4 + M. Suppose that f: M + M is isotopic to g. Then 
there is a unique lift? $ + fi of$ determined by the isotopyfz g, which is isotopic to g. 
Let x E Per,(g) and y E Per,,(f). The pairs (g”, x) and (7, y) are called Nielsen equivalent if 
there are lifts 1, j7 of x, y and a deck translation y E rrl M such that $72 = yZ and pi; = rJ. 
PROPOSITION 3 (Thurston [12]). Suppose that g : M + M is pseudo-hosou and that 
f: M + M is isotopic to g. Zf XE Per,(g) then there exists YE Per, (f) such that (g”, x) is 
Nielsen equivalent to (f”, y). 
Fortunately, it turns out that for the maps we consider, the Thurston canonical form is 
pseudo-Anosov. Letf: T* + T* be a diffeomorphism homotopic to the identity map and let 
F: lR* + R* be some lift off: Suppose that int(p(F)) # 0 and choose p/qEint(p(F)) n Cl*, 
where p = (pl, p2) E Z* and q E N such that pl, p2 and q have no common factors. By the 
result of Franks [S], it is possible to find three periodic points x1, x2, x3 with non-collinear 
rotation vectors px,(F), px,(F), ~,,(F)E R* such that p/q is contained in the interior of 
A = convex hull{p,,(F), p,,(F), px,(F)). Let 0 denote the union of the orbits of x1, x2, x3 
(so that 0 is f-invariant). We considtr T*\0 and “blow-up” the holes to give (small) 
boundary circles. We call the resulting surface with boundary M and let p: M + T* be the 
map obtained by collapsing the boundary circles onto 0. It is possible to replace the 
diffeomorphism f with a homeomorphism fo : M + M satisfying the semi-conjugacy 
fi p = p ofC by letting fC act on the boundary components via the projective action of the 
derivative off [l]. Noting that x(M) < 0, we apply Proposition 1 to fO: M + M and let 
g : M --+ M denote the Thurston canonical form off0. By a result of Llibre and MacKay, g is 
pseudo-Anosov ([6], proof of Theorem 1 (i)). 
The map g determines a unique homeomorphism g,, : T* + U*. This is homotopic to the 
identity map. Let G: lR* + R* denote the unique lift of go which agrees with F on a-‘(O) 
and define Y : M + 63’ by Y(x) = G(Z) - I, where zi is any lift of p(x) to R*. Then, if 
xE Per,(g), Y”(x)/n:= (Y(x) + Y(gx) + * . + + Y (gn- r x))/n = p,(,)(G). If x E Per,,(g) then, 
by Proposition 3, we can find ye Per,(fC) such that (g”, x) is Nielsen equivalent o (fi, y). It 
is easy to see that this implies that p,,,,(G) = pp&‘). Thus for 5 E int(A) n CD*, we have the 
inequality 
# {x~Per,(g) s M: p,(JG) = r} I # {y~Per,(f) E T*:p,(F) = tl}. 
3. SUBSHIFTS OF FINITE TYPE 
From our point of view, the most desirable property of pseudo-Anosov homeomor- 
phisms is that they admit a symbolic description in terms of subshifts of finite type. This 
description is obtained by partitioning M into a finite number of sets, RI, . . . , Rk, (with 
pairwise disjoint interiors), called rectangles. It is possible to do this so that the Rfs are 
arbitrarily small and fit together nicely under the action of g. ([3,4].) 
Define a k x k matrix A by A(i, j) = 1 if Ri nf-‘(Rj) # c$ and A(i, j) = 0 otherwise. We 
can suppose that A is aperiodic, i.e., that for some n > 0, A” has all its entries positive. If we 
define 
X,_, = {x~{l,. . . , k}h:A(x,,x,+l) = 1 for all rr~Z} 
then the subshift of finite type 6: XA + X, is defined by (crx), = x,+ i. We can define 
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a metric on XA by 
d(x, y) = +c” l -2>9yn 
n=-cc 
where 6i.j is the usual Kronecker symbol. With respect o this metric, g is a homeomor- 
phism. 
PROPOSITION 4 (Fathi et al. [4]). Let g: M + M be a pseudo-Anosov homeomorphism. 
Then there exists an aperiodic (rl matrix A and a map K : XA + M such that K 0 fl = g 0 K and 
(i) K is Hiilder continuous; 
(ii) K is surjective; 
(iii) K is bounded-to-one and one-to-one on a residual set. 
As an immediate consequence of (ii) and (iii) we have that h(g) = h(o). Unfortunately, 
there is not quite a one-to-one correspondence between periodic points for g and o, due to 
the possibility of periodic points lying on the boundaries of the rectangles RI,. . . , Rk. 
However, since these boundaries are piecewise C’, it is possible to show that they contain 
only finitely many periodic points. In particular, # Per,(g) = # Per,(a) for all large n. 
It is well-known that the number of periodic points of period n for 0 satisfies the 
asymptotic formula, # Per,(o) N eh@)“, as n + + co. In view of the above, we can conclude 
that #Per,(g) N ehcB)“, asn + + 00. 
We now describe an analogous version for Z”-extensions of subshifts of finite type, 
proved in [9]. We restrict ourselves to the particular (but typical) case v = 2. Let 
$: XA + Zz be a function which depends on only the first two coordinates, i.e., 
+(x) = $(x0, x1). Define n(n, y5) = # (x E Per,(a): e”(x) = O}. In order to obtain an asymp- 
totic formula for n(n, $) it is necessary to impose some conditions on I/K 
(Al) the set {@‘(x) :x E Per,(a), n E N } generates a group rti which is isomorphic to Z’; 
(A2) there exists some fully supported o-invariant probability measure p on X, such 
thatJ+dp=O. 
We then have the following result. 
PROPOSITION 5 (Pollicott and Sharp [9], Theorem 1). Suppose that @ : XA + 7’ satisfies 
(Al) and (A2). Then there exist constants dSE N, BE (0, h(o)] and C > 0 such that 
n(d,n,$)-Cc asn+ +co. 
n 
Furthermore, ifd, does not divide m then n(m, $) = 0. 
Remark. In [9], we assumed that r+ = h2; however, it is easy to see that this is not 
essential for the proof. 
4. PROOF OF THEOREM 1 
We begin by constructing a function a: XA + Z2 (depending on only the first two 
coordinates) such that for any x E Per”(a), n E N, a”(x) = (Y 0 K)“(X), where K : XA + M is the 
map given by Proposition 4. Consider the homeomorphism go : U2 + U2 and the projec- 
tions p(R,), . . . , p(R,) c U2, where R,, . . . , R, are the rectangles used in obtaining the 
PERIODIC POINTS AND ROTATION VECTORS 355 
symbolic model of g : M + M. Pick a point z E M and for each i, fix a curve ci from z to Ri. 
For each pair i,j with A(i, j) = 1, choose a point zijEp(Ri) which is mapped to p(Rj) and use 
the fact that go is homotopic to the identity map to obtain a curve cij from Zij to qo(Zij). If 
necessary, modify the curves ci, cij slightly so that their end points match up. Consider the 
closed curve Cij = ci 0 cij 0 c,: ‘. If Cij is lifted to IV the end-points of the lift differ by a well 
defined [Cij] E 2’. Finally, we define a(i, j) = [Cij]. Provided the curves ci are chosen 
appropriately and the rectangles R,, . . . , Rk are sufficiently small, ~1: XA + Z2 will have the 
desired property: if xEPer,(a) then CL”(X) = CC,,,,] + [C,,,,] + .-.[C,,_,x,] = 
Y”(K(x)). (Different choices of the curves ci correspond to different choices of the lift G of 
g,,.) We intend to apply Proposition 5 to the function $ = qa - p: XA + Z2. In order to do 
this. we need to show that (Al) and (A2) are satisfied. 
First we show that II/ = qa - p satisfies condition (Al). We have to rule out the 
possibility that Tti E h. Now, Iti is the group generated by {qa”(x) - np : x E Per,(a), n E N }. 
By choosing kE N sufficiently large and setting I 1 = kp, + 1, r2 = kp, and s = kq, we 
can ensure that r/s = (rI, r2)/se int(A) n Q2. Provided we take k so large that 
# Per,(g) = #Per,(o), the existence result of Franks [S] guarantees that we can find some 
x E Per,(a) with a”(x)/n = r/s and, by Lemma 1 of [6], we can even suppose that n = s, 
a”(x) = r. Then 
qa”(x) - np = (qr, - SPI, 0) = ho) 
so that (q, 0) E TJI. Similarly, (0, q)E TJI. This completes the proof of (Al). 
We now prove that the function Ic/ = qa - p : XA -+ Z2 satisfies condition (A2). Clearly, 
this is equivalent o showing that j a dp = p/q for some fully supported o-invariant measure 
p. Consider the set {a”(x)/n : x E Per,(a), n E N> E Q2. In [7], this is called the set of weight- 
per-symbols for a, written WPS,. Let CH(WPS,) denote the (real) convex hull of WPS,. By 
(Al), this has non-empty interior. It is shown in [7] that if < Eint(CH(WPS,)) then 
f adp = 4 for some Markov measure p; in particular, p is fully supported. Now, by 
construction, CH(WPS,) = CH({Y”(x)/n: XE Per,,(g), no fV}) = CH({p,(G):xe Per,,(g), 
nE N}) 2 int(A). However, by hypothesis, p/qEint(A) and clearly this is contained in 
int(CH(WPS,)). This completes the proof of (A2). 
Applying Proposition 5, we have proved the following asymptotic formula. 
PROPOSITION 6. There exist constants dE N, /IE(O, h(g)] and c > 0 such that 
# (xEPerdn(g):opcxJ(C) = p/q} w CT asn+ + co. 
Furthermore, # {x E Per,,,(g): p,,,,(G) = p/q} = 0 if d does not dioide m. 
Applying Proposition 3, we obtain our main result as a corollary. 
THEOREM 1. Let f: T2 + U2 be a difleomorphism homotopic to the identity map and let 
F: R2 + R2 be a lift off: Suppose that int(p(F)) # 8 and that p/qEint(p(F)) n Q2 (where 
p = (pl , p2) E H2, q E N and pl, p2 and q have no common factors). Then there exists a constant 
d E N such that 
lim ilog# {x~Per,&):p~(F) = p/q} > 0. 
n++m n
Furthermore, # {x E Per,(f): p,(F) = p/q} = 0 ifd does not divide m. 
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Remark. We conjecture, but have been unable to prove, that d = q2/P1P2, where 
Pi = hcf(&, q), i = 1,2. Also, note that we expect the exponential growth rate given by the 
above limit to depend on p/q. One might speculate that certain rotation vectors are 
“preferred” in this sense. 
5. MEAN ROTATION AND A QUESTION OF BOYLAND 
Recently, Philip Boyland raised the following question concerning area-preserv- 
ing homeomorphisms of an annulus [2]. Let f:A -+ A be an area (and orientation) 
preserving homeomorphism of the closed annulus A = S’ x [0, 11, which is homotopic to 
the identity map. Let rci : IF! x [0, l] + IR denote projection onto the first coordinate. If F is 
any lift off to [w x [0, l] then use the function 7c1 0F - n, to define the rotation interval 
p(F) c [w in the same way as for torus homeomorphisms. Define a function 0: A + Iw by 
Q(x) = nl 0 F(Z) - n,(Z) for any lift 1 of x to Iw x [0, 11. Clearly, this is well defined and 
continuous. As for torus homeomorphisms, define the mean rotaiton p,,,(F) by 
P,,,(F) = s @ dm, 
where m denotes normalized area. (Naturally, one can replace m in this definition with any 
f-invariant probability measure.) Under the assumption p,,,(F) = 0, Boyland asks if it is 
possible for p(F) to take the form [0, r], for some I > 0. We shall show that the answer to 
this question is no (independent of any pseudo-Anosov assumption). In fact, we shall prove 
the following more general result. 
THEOREM 2. Suppose that f is a homeomorphism of either the annulus A or the torus 
U*, homotopic to the identity map and let F be any lift off to the universal cover. Suppose 
that int(p(F)) # 8. Zf u is any fully supported f-invariant probability measure then 
p,(F)e Wp(F)). 
To prove Theorem 2 we need the following technical emma. 
LEMMA 1. Let f: X + X be a continuous mapping of a compact metric space and let 
g: X + Iw be a continuous function such that s gdp 2 0 for every f-invariant probability 
measure ,u. Then there exists a continuous function g’ : X -+ Iw such that 
(i) g’ 2 0, 
(ii) js’& = !gdpf or every f-invariant probability measure p. 
Proof: Write B for the space of all continuous linear functionals on C(X, Iw) (equipped 
with the weak topology) and B0 for the subspace of f-invariant functionals, i.e. 
Bo = {u E B : u of = u}. Let P denote the cone of positive functionals in B and PO = P n Bo 
the cone of positive functionals in B 0. By the Riesz representation theorem, the space of 
measures on X can be identified with P and the f-invariant measures with P,-,. The function 
g : X + Iw induces a continuous linear functional Go : B0 + Iw by G(u) = u(g) and the image 
G,(P,) is non-negative. By the Krein-Rutman theorem ([lo], 5.4, Corollary 2), Go can be 
extended to a continuous linear functional G : B + lR! such that G(P) is non-negative. 
We now define g’ : X + DB by g’(x) = G(&), where B,E B denotes evaluation at x. This is 
continuous, since the map x + 6, is weak* continuous, and non-negative. Furthermore, it is 
easy to see that for ~LEP, G(p) = s g’ dp. Then, if p EP~, j g’ dp = G(p) = G,(p) = f g dp, as 
required. This completes the proof. 0 
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Remark. We note that substituting the proof of Lemma 1 into [ 111 allows us to correct 
a slight error in the proof of the similar Lemma 4 of that paper. 
Proof of Theorem 2. We consider the case of an annulus and suppose that p(F) = [a, b], 
a < b. Suppose that p is a fully supportedf-invariant probability measure with p,(F) = a. 
Set g = 0 - a. Recalling that {p,(F): v anf-invariant probability measure) = p(F), we have 
f g dv 2 0 for every f-invariant probability v and so, by Lemma 1, there exists a non- 
negative continuous function g’ : A + [w with J g’ dv = f g dv for every v. However, since 
int(p(F)) # 8, g is not identically zero and so g’ is not identically zero. Thus we can find an 
open neighbourhood U c A such that g’lV 2 E > 0. We have 
a contradiction. Similarly, taking p,(F) = b leads to a contradiction. 
A similar argument works for a homeomorphism f: U2 + TZ. If p,(F) E p(F)\int(p(F)) 
then one can find 5 E rW’\ {0}, q E Iw2 such that J (r, 0) - q dv 2 0 for every f-invariant 
probability v. The proof is completed as before. 0 
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